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HIGHLIGHTS'
• Complex!dynamics!and!saturation!phenomena!are!analysed!
• The!shakerWshell!interaction!plays!a!fundamental!role!in!the!dynamics!
• The!complex!dynamics!is!due!to!the!nonWexistence!of!periodic!solutions!!
KEYWORDS'SHELLS;! VIBRATION;! NONLINEAR! DYNAMICS;! STABILITY;! CHAOS;! ELECTROMECHANICAL!INTERACTION!
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Abstract'Complex!dynamics!of!circular!cylindrical!shells!subjected!to! inertial!axial! loads!are! investigated.!The!shell! is!vertically!mounted!on!a!shaker,! i.e.! its!base!is!clamped!to!the!shaker!fixture,!which!induces!a!vertical!motion!along!the!shell!axis.!On!the!top!of!the!shell!a!rigid!disk!is!mounted,!the!vertical!motion!induced!by!the!shaker!induces!huge!inertial!forces!due!to!the!rigid!body!motion.!A!complicating!effect!is! due! to! the! base! actuator,!which! is! an! electroWdynamic! shaking! table;! the! interaction! between! the!shell!and!shaker!dynamics!changes!dramatically!the!system!behaviour.!The!nonlinear!SandersWKoiter!theory! is! considered! for! the! structural! dynamics:! the! resulting! set! of! nonlinear! partial! differential!equations!is!coupled!with!the!linear!ordinary!differential!equations!that!govern!the!shaker!dynamics.!A! deep! analysis! of! the! nonstationary! response! of! the! shell! is! carried! out! in! order! to! clarify! the!transition! from! stationary! to! nonstationary! response.! The! model! is! validated! by! means! of!experimental!results.!!
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1. Introduction'In!the!second!part!of!the!previous!century!Bondarenko!and!Galaka![1]!published!an!interesting!work!regarding! a! dynamic! phenomenon! of! violent! vibration,! defined! as! a! “bang”,! arising!when! a! circular!cylindrical! composite! shell! is! excited! from! the! base! motion.! They! interpreted! such! experimental!results!as!parametric!instability!and!identified!instability!regions!of!several!modes.!Shells!were!deeply!analysed!in!the!past!and!a!huge!scientific!production!can!be!found!in!the!literature,!generally!it!is!focused!on!linear!vibrations!and!static!stability,!see!e.g.!Refs.![2W11]!for!a!deep!analysis!of!the!literature.!The!main!reason!of!such!huge!production!is!certainly!the!big!practical!interest!in!shellWlike!structures!due! to! their! large! use! in! several! Engineering! fields! such! as! Aerospace,! Nuclear,! Civil,! Automotive,!Mechanics,! Energy.! Several! examples! of! applications! can! be! given:! building! vaults,! heat! exchangers,!aircraft! fuselages,! missile! and! space! vehicle! structures,! structural! and! nonWstructural! car! elements,!tanks,!pipelines.!It!is!to!note!that!shells!theories!are!also!applied!to!create!effective!models!of!nanotube!dynamics,!as!counterpart!of!computationally!expensive!Molecular!Dynamics!models.!The! improvement! of! structural! performances! in! terms! of! strength! to! weight! ratio! is! of! primary!importance!for!industries;!for!example,!in!Aerospace!and!Automotive!the!goal!is!the!reduction!of!fuel!consumption.!In!other!applications,!for!example!heat!exchangers,!the!reduction!of!thickness!is!needed!for! improving! the! thermal! behaviour.! On! the! other! hand! the! reduction! of! mass! gives! rise! to! a!magnification!of!vibration!and!stability!problems!or!the!combination!of!them.!The! availability! of! commercial! software,! having! enormous! capabilities! in! analysing! structural!problems,!induces!designers!to!consider!needless!the!development!of!new!models.!On!the!other!hand,!thin!walled!structures!under!dynamic!excitation!can!experience!complicated!types!of!responses!such!as!nonlinear!vibrations,!combined!resonances,!parametric!instabilities;!in!such!cases!the!performances!of!commercial! software!are!not!sufficient!both! in! terms!of!computational!efficiency!and!accuracy.! In!addition,! when! the! structural! element! is! connected! with! other! mechanical! of! electroWmechanical!devices,!the!need!of!developing!specialized!models!is!often!mandatory.!The!early!studies!on!the!behaviour!of!shell!structures!date!back!to!the!begin!of!previous!century![12]:!at!the!time!it!was!not!yet!clear!the!postWcritical!behaviour!of!shells!and!in!particular!the!discrepancies!between! models! and! experiments! were! not! understood.! The! reason! of! such! discrepancies! should!appear!clear!nowadays,!i.e.!many!important!phenomena!appearing!in!shell!stability!and!dynamics!can!be!studied!by!means!of!nonlinear!theories!only.!Unfortunately,!most!of!designers!are!not!aware!about!this! issue! and! have! quite! little! practice! in! nonlinear! dynamics;! in! addition,! commercial! structural!software!packages!do!not!yet!have!specific!tools!for!analysing!nonlinear!responses.!The! general! problem,! strictly! related! to! the! present! work,! regards! parametric! excitations! of! thin!walled! structures.! On! this! topic! the! literature! mainly! displays! theoretical! studies! only;! few!
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experimental! studies! can! be! found! and! theoretical/experimental! papers! are! infrequent.! Interesting!works! can!be! found! in!Refs.! [8,13W25];!most!of! them!are!based!on! the!Donnell! shallow!shell! theory,!others! consider! linear! modelling! for! thin! or! thick! shells.! Almost! all! these! studies! consider! shells!excited!by!axial!forces,!without!interactions!with!other!systems.!!Low! dimensional!models!were! presented! in! Refs.! [26,27]! to! study! the! nonlinear! response! of! shells!under! the! action! of! periodic! axial! loads;! similarly! to! other! studies,! interactions! between! excitation!source!and!the!shell!were!not!accounted!for.!Complexity! in! the!response!of! shells!under!periodic!axial! loads!was! investigated! in!Ref.! [28]!using!a!low!order!model!based!on!the!Donnell!Shallow!shell!theory,!and!in!Ref.![29]!by!means!of!the!refined!SandersWKoiter! model.! The! effect! of! combination! of! preWcompression! and! periodic! axial! loads! was!investigated,!showing!that!chaotic!dynamics!are!possible,!and!evaluating!the!dimensionality!of!chaotic!attractors!as!well!as!the!basins!of!attraction.!The!effect!of!a!contained!fluid!was!investigated!in!Refs.![24,29W32].!The!role!of!geometric!imperfections!in!the!onset!of!parametric!instabilities,!was!deeply!investigated!in!Refs.! [24][25][29][33]! for! empty! and! fluid! filled! isotropic! shells,! and! in! Ref.! [27]! for! isotropic! and!anisotropic!shells.!!The!effect!of!preWstress!and!elastic!foundations!on!free!nonlinear!vibrations!of!shells!was!investigated!in!Ref.![34].!In! Ref.! [35],! nonlinear! Donnell’s! shallow! shell! equations! were! used! to! analyse! shells! excited! by!parametric!dynamical! loads,!using!a!multiWdegreeWofWfreedom!dynamical! system!without!dissipation,!the!system!was!analysed!by!means!of!the!Harmonic!Balance!Method.!Most! of! previously! cited!works!were! concerned!with! “force”! excitations,! i.e.! external! loads!having! a!specific!time!law.!On!the!other!hand,!a!certain!interest!should!be!addressed!to!inertial!forces!generated!by! base!motion.! One! of! the! first! studies! on! this! topic! can! be! found! in! Ref.! [1],!where! experimental!results! were! reported! together!with! a! simplified! analytical! analysis! developed! for! interpreting! and!explaining! the! parametric! instabilities! found! experimentally;! the! shell! was! in! a! clampedWfree!configuration.!In!Ref.![36]! instability!regions!and!the!character!of!nonlinearity!was!investigated!both!experimentally!and!analytically.!Even!though!the!clamped!free!configuration!of!a!circular!cylindrical!shell!subjected!to!a!base!motion!is!of!a!certain!practical!importance!(e.g.!tanks!with!open!top),!many!important!practical!examples!imply!the!connection!of!the!circular!shell!with!other!structures!or!with!solid!bodies.!For!such!reason,!at!the!beginning!of!this!century!a!series!of!papers!were!published!on!this!topic.!Initially,!linear!models!were!developed! [37],! spending! big! intellectual! energies! in! managing! analytically! the! complex! boundary!conditions!arising!from!the!connection!of!a!rigid!body!with!one!end!of!a!circular!cylindrical!shell.!To!such!purpose,! the!use!of!mixed!expansions!of! the!displacement! fields!was!necessary:! it! included! the!combined!use!of!harmonic!and!polynomial!functions!(Legendre!polynomials).!In!Ref.![38]!the!analysis!
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was! extended! and! reformulated! in! order! to! prove! both! the! capability! of! dealing! with! complex!boundary! conditions! and!nonlinearities,! in! such!work! a! combination!of! Chebyshev!polynomials! and!harmonic! functions! was! used! for! expanding! the! displacement! fields! in! linear! modelling,! with! a!successive! reWexpansion! in! terms! of! approximate! eigenfunctions! for! the! nonlinear! modelling;!experiments! in! linear! field! completed! the! analysis.! The! performance! of! this! kind! of! approach! for!nonlinear!analysis!was!investigated!in!Refs.![39]!and![40].!On!the!view!of!the!pioneering!studies!of![1],!recently!new!experiments!were!presented!in!Ref.[41];!a!circular!cylindrical!shell!having!a!vertical!axis!and!carrying!a!rigid!disk!on!the!top!was!excited!from!the!base.! It!was! found! that,!when! the! first! axisymmetric!mode! is! in! resonance! conditions,! the! top!mass!undergoes!to!large!amplitude!of!vibrations!and!a!huge!out!of!plane!shell!vibration!was!detected!(more!than! 2000g),! with! a! relatively! low! base! excitation! (about! 10g);! no! subharmonic! response! was!detected.!In!this!study,!the!presence!of!a!payload!on!the!top!of!the!shell!made!the!system!significantly!different! with! respect! to! Refs.! [1]! and! [36],! both! in! terms! of! boundary! conditions! and! inertial!excitation.!In!Refs.![42]![43]!a!first!theory!was!developed!in!order!to!create!a!model!for!the!dynamic!behaviour!of!the! system!analysed! in!Ref.! [41].!More! recently,! [44W46],! experiments!were! carried!out! to! study! the!problem! of! the! seismically! excited! shell! carrying! a! top! mass,! in! such! series! of! works! the! coupling!between!the!excited!system!and!the!shaker,! that!provides! the!base!excitation,!was!modelled;!results!were!quite!promising,!but!the!match!between!theory!and!experiments!was!not!yet!satisfactory.!It!is!to!point!out!that,!one!of!the!first!studies!regarding!the!general!topic!of!shakerWstructure!interaction!date!back!to!the!seventies![47].!Other!experimental!results!were!published!in!Ref.![48],!it!describes!an!experimental!work!focused!on!shells!made!of!composite!materials;!they!pointed!out!the!inadequateness!of!the!linear!viscous!damping!models.!A!clamped!free!shell!was!considered;!the!principal!parametric!instability!was!analysed.!It!was!found! that! experimental! dynamic! instability! regions! were! wider! than! predictions! of! theoretical!models;! the! conjecture! made! by! the! scientists! was! that! the! disagreement! was! due! to! the! shell!geometric! imperfections.! Such! paper! summarizes! some! of! the! experimental! results! published! on! a!previous! book! [49]! (see! e.g.! page! 123,! figure! 2.23! gives! an! interpretation! of! the! enlargement! of!instability!boundaries).!!In!Ref.! [50]!a!new!model!was!developed!in!order!to!reproduce!and!explain!experiments!of!Ref.! [41];!the!model! combined! the! theory! developed! in! Refs.! [38]! and! [46]! for!which! concerns! the! nonlinear!shell! and! the! shaker! interaction! modelling! respectively.! A! good! matching! between! theory! and!experiments! was! found;! moreover,! the! model! gave! some! information! regarding! the! cause! of! the!violent!phenomenon.!On! the!other!hand,! some!mismatches!were! still!present:! the! theoretical!model!did!not!give!nonstationary! responses!observed!during! the!experimentation;! the!width!of! theoretical!instability!regions!was!significantly!smaller!than!experiments.!
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The! aim! of! the! present! paper! is! to! improve! the! accuracy! of! the! model! developed! in! Ref.! [50]! and!furnish!a!deep!dynamic!analysis!of!the!phenomenon!observed!experimentally.!Therefore,!the!present!theoretical!model! is! based!on! the! approach!proposed! in!Ref.! [50],! that! is! briefly! summarized! in! the!following.!The!nonlinear!Sanders!Koiter!shell!theory!is!considered!and!the!electromechanical!shaker!is!modelled.!The!shell!displacement!fields!are!expanded!using!a!mixed!series!(harmonic!functions!and!orthogonal!polynomials);! geometric! boundary! conditions! are! respected! exactly.! The! analysis! is! carried! out! in!three!steps:!i)!linear!analysis!of!the!shellWdisk!model,!which!gives!the!eigenfunctions!of!the!system;!ii)!suitably!selected!eigenfunctions!are!used! for!a!reWexpansion!of! the!displacement! fields!using! the! full!nonlinear!version!of! the!SandersWKoiter! theory;! iii)! the! interaction!with! the! shaker! is! considered!by!additional!electromechanical!equations.!The!novelty!of!the!present!work!with!respect!to!the!original!paper![50]!consists!in:!i)!the!displacement!field!expansion! is!much!richer!and! includes!the!presence!of!conjugate!(double)!modes;! ii)!geometric!imperfections! are! considered;! iii)! the! analysis! of! the! dynamical! system! is!much!more! detailed! as! it!includes!bifurcation!analysis!and!the!use!of!continuation!techniques!for!following!stable!and!unstable!periodic!orbits.!A!clear!explanation!regarding!the!onset!of!the!instability!observed!in!Refs.![41]!and![50]!is!given.!!
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2. The'model'The! aim! of! the!model! is! to! explain! and! reproduce!with! good! accuracy! the! complicated! phenomena!found!in!Ref.![41]!and!partially!analysed!in!Ref.![50].!In!Figure!1!an!experimental!setup!is!shown,!the!experiment! consists! of! a! circular! cylindrical! shell!mounted!vertically! on! a!high!power! shaking! table!(LDS!V806!LS),!the!base!of!the!shell!is!clamped!to!the!moving!part!of!the!shaker,!on!the!top!of!the!shell!a!rigid!disk!made!of!aluminium!alloy!is!mounted;!the!shell!is!very!thin!and!made!of!polymeric!material!(P.E.T.).!The!shaker!imposes!a!base!vibration!that!induces!a!rigid!body!motion!to!the!shellWdisk!system,!such!a!motion!causes!inertia!forces!that!excite!the!system.!Inertia!forces!due!to!the!rigid!body!motion!of!the!disk!are!dominant!with!respect!to!those!of!the!shell,!in!principle!they!cause!a!dynamic!axial!load!on!the!shell;! however,! the! disk! vibration! is! governed! by! the! modes! of! vibration! excited,! which! strongly!influence!the!inertia!force!generated!by!the!disk!motion.!As!pointed!out!in!Ref.![41]!and![50],!when!the!excitation!is!sinusoidal!and!the!first!axisymmetric!mode!of!the!shell!is!resonant,!violent!dynamic!phenomena!appear:!with!a!base!vibration!level!of!the!order!of!10g,! the! shell! response! reaches! thousands! g,!where! the! amplitude! is! of! the! order! of!millimetres! at!relatively!high!frequency!(300W1000Hz),!with!a!broad!band!spectrum.!
! ! !Figure!1!Experimental!setup:!base!induced!vibrations!on!a!circular!cylindrical!shell!carrying!a!rigid!body!on!the!top,!experiments!from!Ref.![38],![41],![50].!!In!Refs.![38],![50]!some!aspects!of!the!dynamics!have!been!clarified!and!some!models!were!proposed.!First!of!all!it!was!clarified!that,!even!though!the!mass!of!the!specimen!is!much!smaller!than!that!of!the!moving!element!of!the!shaker,!a!strong!interaction!between!the!shellWdisk!dynamics!and!the!electroWmechanic! machine! (the! shaker)! takes! place.! Moreover,! an! exchange! of! energy! between! the! low!frequency!excited!mode!(first!axisymmetric)!and!high!frequency!modes!(shellWlike)!was!evidenced.!On!the!other!hand,!some!characters!of!the!dynamics!were!lost!in!the!previous!modelling![50],!namely!the!nonstationarity!of!the!response.!In!order!to!clarify!such!phenomena,!the!basic!theory!developed!in!Ref.![50]!is!used!here,!together!with!a!richer!modal!expansion;!furthermore,!a!deeper!analysis!of!the!dynamical!system!is!carried!out.!
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For!the!sake!of!completeness!the!theoretical!model!of!Ref.![50]!is!reported!and!the!new!expansion!is!presented.!!
2.1. The'shell'model'The! physical! model! of! the! shell! is! represented! in! Figure! 2,! a! cylindrical! coordinate! system! is!considered,!the!origin!is!located!at!the!centre!of!one!end!of!the!shell,!x=0,!corresponding!to!its!bottom,!Figure!1.!!
u
v
w x
h
L
r
R
h
!Figure!2!Shell!model:!geometry,!coordinate!system!and!displacement!fields!!The! nonlinear! SandersWKoiter! theory! is! considered! for!modelling! the! shell! dynamics,! this! theory! is!suitable! for!analysing!thin!shells!and!is!based!on!Love’s! first!approximation![2]:!(i)!h<<R;! (ii)!strains!and!displacements! are! sufficiently! small;! (iii)! transverse!normal! stresses! are! small! compared! to! the!other!normal!stresses;!and!(iv)!normals!to!the!undeformed!middle!surface!remain!straight!and!normal!to!the!middle!surface!after!deformation!and!suffer!no!extension,!i.e.!no!thickness!stretching!is!present!(KirchhoffWLove! kinematic! hypothesis).! The! consequences! of! the! fourth! assumption! are! that! shear!deformations! are! neglected;! the! rotary! inertia! is! neglected! as!well.! Some! limitations! of! the! theories!based! on! the! Love’s! first! hypothesis! should! be! kept! in! mind:! for! example,! when! diaphragms! are!present! at! both! ends! Leissa! found! that! “for! very! thin! shells! (R/h=500)! all! theories! are! in! closer!agreement! than! for! thicker! shells! (R/h=20),! for! very! short! shells! (L/(mR)=0.1,! 0.25,!where!m! is! the!number!of!circumferential!nodes),!none!of! the!shell! theories!compare! favourably!with!3D!elasticity”!(see!Ref.![2]!p.!49).!
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Neglecting! the! shear! deformation! and! the! rotary! inertia! of! the! cross! section! allows! to! consider! just!three!displacement!fields!in!the!model,!Figure!2:!longitudinal!u,!circumferential!v,!radial!w;!in!Figure!2!shell! geometric! parameters! are! represented! as!well:! the! length! L,! the! radius!R! that! is! the! constant!distance!of!the!mean!surface!of!the!undeformed!shell!from!the!cylinder!axis!x,! the!thickness!h!that!is!constant,! the! radial! coordinate! r! starting! from! the!mean! surface! indicates! the! radial! position! of! an!infinitesimal!element!of!the!3D!continuum.!Following!Ref.![50]!the!strain!energy!of!the!shell!can!be!written!as!follows:!!
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(1)!
where! middle! surface! strains! ε x ,0,L ,! εθ ,0,L ,! γ xθ ,0,L ,! ε x ,0,NL ,! εθ ,0,NL ,! γ xθ ,0,NL !(subscript! “L”! means! linearly!dependent!on!the!displacements,!subscript!“NL”!means!nonWlinearly!dependent!on!the!displacements)!and!the!dimensionless!changes!in!the!curvature!and!torsion! kˆx , kˆθ , kˆxθ !are!given!by![6]:!!
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η=x/L! is! the! nondimensional! longitudinal! coordinate! and! the! dimensionless! displacements! are!
 uˆ = u / h, vˆ = v / h, wˆ = w / h .!
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In! equation! (1)! some! important! dimensional! quantities! are! highlighted:!
 
EhLR
1−ν
!for! the! linear! and!
nonlinear!membrane!stretching!energy!and! EhLR
12 1−ν 2( ) !for!the!bending!energy.!Note!that!equation!(1)!is!already!integrated!over!the!shell!thickness,!considering!a!linear!dependence!of!strains!on!the!middle!surface! strains:! ,0x x xr kε ε= + ,! ,0 r kθ θ θε ε= + ,! ,0x x xr kθ θ θγ γ= + ,! see! Figure! 2;! homogeneous! isotropic!materials! are! considered:! ( )21x xE θσ ε ν εν= +− ,! ( )21 xEθ θσ ε ν εν= +− ,! ( )2 1x xEθ θτ γν= + ;! ! the! plane! stress!hypothesis!of!this!theory!assumes!that! σ r = 0 ;!see!Refs.[1],![2],![51]!for!details.!The!kinetic!energy!TS!of!a!circular!cylindrical!shell!(rotary!inertia!is!neglected)!is!given!by!!
TS =
1
2
ρS h
3 LR !ˆu2 + !ˆv2 + !ˆw2( )
0
1
∫
0
2π
∫ dηdθ ! (6)!!where!ρS!is!the!mass!density!of!the!shell,!the!overdot!denotes!a!time!derivative.!If!a!suitable!dimensionless!time!variable!is!considered,!e.g.! τ = tω n !( ω n !can!be!the!circular!frequency!of!a!mode!of!interest),!the!dimensional!parameter!of!the!kinetic!energy!is! ω n2ρS h3 L R !Here!an!energy!approach!will!be!used! for!deriving!the!equations!of!motion;! therefore,! the!virtual!work!W!done!by!the!external!forces!must!be!evaluated!!
 
W = LR qx u + qθ v + qr w( )
0
1
∫
0
2π
∫ dηdθ ! (7)!!where! qx,! qθ! and! qr! are! forces! per! unit! area! acting! in! axial,! circumferential! and! radial! directions,!respectively.!!!
2.1.1. Linear'analysis:'displacement'expansions'The! linear! analysis! is! carried! out! considering! the! portion! of! the! potential! energy! having! quadratic!terms! US,LINEAR,! see! equation! (1),! following! the! approach! proposed! in! Ref.! [38].! A! generic! mode! of!vibration!is!described!assuming!a!synchronous!vibration:!!
 uˆ η,θ ,t( ) = Uˆ η,θ( ) f t( ), vˆ η,θ ,t( ) = Vˆ η,θ( ) f t( ), wˆ η,θ ,t( ) = Wˆ η,θ( ) f t( ) ! (8)!!
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where!the!vector!function!
 
Uˆ η,θ( ) = Uˆ η,θ( ),Vˆ η,θ( ),Wˆ η,θ( )⎡⎣ ⎤⎦
T !represents!the!eigenfunction.!In!the!present!problem,!finding!the!eigenfunction!in!a!closed!form!is!virtually!impossible;!therefore,!an!approximation!is!obtained!here!by!taking!advantage!of!a!double!series!expansion:!!
Uˆc (η,θ ) = !Um,n,cTm
*(η)cosnθ
n=0
N
∑
m=0
MU
∑ , Uˆ s (η,θ ) = !Um,n,sTm*(η)sinnθ
n=1
N
∑
m=0
MU
∑ ! (9)!
Vˆc (η,θ ) = !Vm,n,cTm
*(η)sinnθ
n=0
N
∑
m=0
MV
∑ , Vˆs (η,θ ) = − !Vm,n,sTm*(η)cosnθ
n=1
N
∑
m=0
MV
∑ ! (10)!
 
Wˆc(η,θ ) = !Wm,n,cTm
*(η)cos nθ
n=0
N
∑
m=0
MW
∑ , Wˆs(η,θ ) = !Wm,n,sTm*(η)sin nθ
n=1
N
∑
m=0
MW
∑ ! (11)!!where! ( ) ( )* 2 1m mT Tη η= − !and!Tm(⋅)!is!the!mWth!order!Chebyshev!polynomial.!As!proved!in!Refs.![38]!and![52],!this!expansion!allows!to!respect!complicated!boundary!conditions.!It!is! to! note! that,! in! equations! (9)W(11)! two! conjugate! shapes! are! considered,! Uˆc , Uˆs ,! these! shapes!correspond!to!modes!having!the!same!frequency!and!a!shape!shifted!of!a!quarter!of!wave!length!in!the!circumferential!direction,!see!Figure!3.!Such!conjugate!modes!have!exactly!the!same!frequency!only!in!absence!of!imperfections.!
!Figure!3!Example!of!conjugate!modes:!six!nodal!diameters!n=6;!15°!angular!shift.!!As!pointed!out!in!equation!(8),!a!shell!mode!is!represented!by!a!vector!function!containing!the!three!displacement!fields;!for!such!reason!a!mode!shape!can!be!axially!or!tangentially!or!radially!dominant.!For!example!a!radially!dominant!mode!is!represented!in!Figure!3,!in!such!kind!of!modes!the!maximum!amplitude! of! the! vector! function! is! on! the! third! component! w.! A! tangentially! dominant! mode! is!typically! a! torsional!mode,!where! the! radial! and! longitudinal! displacements! are! generally! negligible!with!respect!to!the!longitudinal!displacement!v.9The!normalization!of!the!eigenfunctions!is!usually!carried!out!in!order!to!visualize!them!correctly;!but!when!the!eigenfunctions!must!be!used!for!further!analyses,!for!example!for!building!up!the!nonlinear!
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model,!the!normalization!is!of!fundamental!importance!to!improve!the!accuracy!and!to!obtain!reliable!models.! The! following! normalization! is! considered! (see! Refs.! [38],! [50],! [52]):!
 
max max Uˆ ( j ) η,θ( )⎡⎣ ⎤⎦ ,max Vˆ ( j ) η,θ( )⎡⎣ ⎤⎦ ,max Wˆ ( j ) η,θ( )⎡⎣ ⎤⎦⎡⎣ ⎤⎦ = 1 ,!in!such!a!way!the!modal!coordinate!f(t)!of!equation!(8)!represents!the!maximum!amplitude!of!vibration!referred!to!the!dominant!direction!of!the!specific!mode!shape!(radial!w,!circumferential!v!or!longitudinal!u)!!
2.1.2. Linear'analysis:'boundary'conditions'In!this!section!boundary!conditions!are!discussed,!the!attention!is!given!to!the!shell!and!its!interaction!with! the! top!disk,! Figure!1;! the! interaction!with! the! shaker! and! the!base!motion!will! be! considered!later.!Now!the!shell!is!clamped!at!the!bottom!and!rigidly!connected!to!an!aluminium!disk!at!the!top.!As!the!disk!is!relatively!thick,!compared!with!the!shell,!it!will!be!considered!infinitely!rigid.!The!bottom!clamping,!η=0,!can!be!written!as!follows:!!
 uˆ 0,θ ,t( ) = 0, vˆ 0,θ ,t( ) = 0, wˆ 0,θ ,t( ) = 0, wˆ,η 0,θ ,t( ) = 0 ! (12)!!where!(⋅),η=∂(⋅)/∂η.!Following!Ref.![38],!the!boundary!conditions!on!the!top!can!be!written!as!follows,!see!also!Figure!4:!!
 
uˆ(L,θ ,t) = 1
h
−Rα y (t)sinθ − Rα z (t)cosθ + SDx (t)( ) ! (13)!
 
vˆ(L,θ ,t) = 1
h
−SDy (t)sinθ − SDz (t)cosθ − Rα x (t)( ) 9 (14)!
 
wˆ(L,θ ,t) = 1
h
SDy (t)cosθ − SDz (t)sinθ( ) 9 (15)!
 
θα = − h L( ) ∂wˆ ∂η( ) x=L = −α y (t)sinθ −α z (t)cosθ 9 (16)!A!local!Cartesian!reference!system!(O’,9x’,9y’,9z’)!is!located!at!the!centre!of!the!shell!topWend!(η=1),!see!Figure!4;! the!origin!of! the! circumferential! coordinate!θ! is! set! coincident!with!axis!y’;!SDx,!SDy,9SDz! are!three!displacement!components!of!the!motion!of!the!origin!(O’),!the!effect!of!the!rotation!is!linearized!assuming!small!angles.!!
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It! is! to! note! that! for! shell! modes! having! more! than! one! nodal! diameter! (n>1),! see! e.g.! the! modes!represented! in!Figure!3,! the!rigid!disk! imposes!clamped!boundary!conditions;!conversely,!beam! like!modes!(n=1)!or!axisymmetric!modes!(n=0)!are!influenced!by!the!disk!motion.!!In! the! following! the! three! rotations! and! the! displacements! SDy,9 SDz! will! not! be! considered! in! the!modelling,! because! the! resonant! mode! under! investigation! is! the! first! axisymmetric! one,! which!involves!the!disk!displacement!along!the!shell!axis!only;!moreover,!our!conjecture!is!that!other!beam!like!modes!are!not!involved.! !
!Figure!4!Boundary!conditions!on!the!top:!rigid!body!motion!!Considering!expansions!(9)W(11),!in!absence!of!imperfections,!one!obtains:!
Bottom9
9
Wm,nTm
*(0)
m=0
MW
∑ = 0 !!! Vm,nTm*(0)
m=0
MV
∑ = 0 !! Wm,nTm,η* (0)
m=0
MW
∑ = 0 !!! Um,nTm*(0)
m=0
MU
∑ = 0 !! n=0,1,…9 (17)!
9
9
9
9
9
9
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Top!
 
uˆ(1,θ ,t) =
SDx ' (t)
h
= f (t)SˆDx ' ⇒ Uˆ (1,θ ) = !Um,nTm
*(1)cos nθ
n=0
N
∑
m=0
MU
∑ = SˆDx ' ⇒
!Um,0Tm
*(1)
m=0
MU
∑ = SˆDx '
!Um,nTm
*(1)
m=0
MU
∑ = 0 n = 1,2,...
⎧
⎨
⎪
⎪
⎩
⎪
⎪
9
(18)!
 
vˆ(1,θ ,t) = 0 ⇒ Vˆ (1,θ ) = !Vm,nTm
*(1)sin nθ
n=0
N
∑
m=0
MV
∑ = 0 ⇒ !Vm,nTm*(1)
m=0
MV
∑ = 0 n = 0,1,2,... ! (19)!
 
wˆ(1,θ ,t) = 0 ⇒ Wˆ (1,θ ) = !Wm,nTm
*(1)cos nθ
n=0
N
∑
m=0
MW
∑ = 0 ⇒ !Wm,nTm*(1)
m=0
MW
∑ = 0 n = 0,1,2,... ! (20)!
 
∂wˆ(η,θ ,t)
∂η η=1
= 0 ⇒ Wˆ,η (1,θ ) = !Wm,nTm,η
* (1)cos nθ
n=0
N
∑
m=0
MW
∑ = 0 ⇒ !Wm,nTm,η* (0)
m=0
MW
∑ = 0 n = 0,1,2,... ! (21)!!where! the!dimensionless! axial!displacement! amplitude!of! the!disk! SˆDx ' !has!been! introduced!and! the!disk!vibration!is!associated!to!the!same!time!law!f(t)!of!the!mode!of!vibration.!In!equations!(17)W(21)!the!subscripts!“c”!or!“s”,!present!in!the!expansions!(9)W(11),!are!omitted!for!the!sake! of! brevity,! without! loss! of! generality;! in! fact,! in! this! case,! the! same! boundary! conditions! are!applied!to!twins!of!companion!modes.!It!is!worthwhile!to!stress!that,!neglecting!the!geometric!imperfections!in!the!evaluation!of!the!modes!of! vibration!does!not! induce! loosing! of! generality! in! the!procedure.! Indeed,! the!modal! basis!will! be!used! in!the!nonlinear!analysis! for!reWexpanding!the!displacement! fields;!we!take!advantage!from!the!completeness! of! the! modal! basis! that! guarantees! a! fast! convergence;! therefore,! the! geometric!imperfections!can!be!easily!considered!in!such!further!step!(nonlinear).!In! order! to! respect! boundary! conditions! (17)W(21),! following! Ref.! [50],! one! can! impose! that! some!coefficients!of! the!expansions! (9)W(11)!are! linearly!dependent! from!the!others,! the!coefficients! to!be!selected! are:!
 
!U0,n , !U1,n,c , !U1,n,s , !V0,n , !V1,n,c , !V1,n,s ,!  !W0,n , !W1,n,c , !W1,n,s , !W2,n , !W3,n,c , !W3,n,s ,! n=0,1,....! ;! the! modal!coordinates!of!the!system!can!be!arranged!on!a!vector:!!
 
q = !U2,0,c , !U3,0,c ,..., !U2,1,c , !U2,1,s , !U3,1,c , !U3,1,s ..., !V2,0,c , !V3,0,c ,...⎡⎣
, !V2,1,c , !V2,1,s , !V3,1,c , !V3,1,s ,..., !W4,0,c , !W5,0,c ,..., !W4,1,c , !W4,1,s , !W5,1,c , !W5,1,s ,..., !SDx ' ⎤⎦ !
(22)!
!
1.1.1. Linear'analysis:'RayleighGRitz'procedure'In! this! section! the!procedure! for! evaluating! the!mode! shapes! of! the! system! shellWdisk! is! outlined,! it!consists! in! the! application! of! the!RayleighWRitz!method!based! on! the!Rayleigh! quotient.! The!normal!
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mode! vibration! assumes! an! harmonic! motion! f (t) = f0e jω t !where!ω !is! the! natural! frequency! of! a!specific!mode.!The!Rayleigh!quotient!reads:!!
ω 2 = R(q) =
Umax
T * ! (23)!!where! T * = Tmax /ω 2 !and! Umax , Tmax !are!the!maximum!of!potential!and!kinetic!energy!respectively.!Following! the! standard! procedure! for! finding! the! stationarity! points! of! the! Rayleigh! quotient,! one!obtains:!!
 
−ω 2M +K( )q = 0 ! (24)!!that!gives!the!eigenvalue!problem!to!be!solved!in!terms!of!eigenvalues!ω 2j !and!eigenvectors!qj.!It! is! to!note! that,! in! absence!of! imperfections,! the! eigenvectors! corresponding! to! twins!of! conjugate!modes! are! identical;! note! that! this! is! rigorously! true! if! the!minus! sign! is! retained! in! the! second! of!equations!(10),!as!the!companion!mode!is!obtained!with!a!circumferential!phase!shift!of!a!quarter!of!modal!wave! length.!The!mode!shapes!approximating! the!actual! eigenfunctions!of! the! system!can!be!written!as:!!
 
Uˆ ( j )c (η,θ ) = !U
( j )
m,nTm
*(η)cos nθ
n=0
N
∑
m=0
MU
∑ , Uˆ ( j )s (η,θ ) = !U ( j )m,nTm*(η)sin nθ
n=1
N
∑
m=0
MU
∑ ! (25)!
 
Vˆ ( j )c (η,θ ) = !V
( j )
m,nTm
*(η)sin nθ
n=0
N
∑
m=0
MV
∑ , Vˆ ( j )s (η,θ ) = − !V ( j )m,nTm*(η)cos nθ
n=1
N
∑
m=0
MV
∑ ! (26)!
 
Wˆ ( j )c (η,θ ) = !W
( j )
m,nTm
*(η)cos nθ
n=0
N
∑
m=0
MW
∑ , Wˆ ( j )s (η,θ ) = !W ( j )m,nTm*(η)sin nθ
n=1
N
∑
m=0
MW
∑ ! (27)!!where! the! subscripts! “c”! and! “s”! are! now! omitted! for!
 
!U ( j )m,n ,! !V ( j )m,n !and! !W ( j )m,n !following! the! previous!considerations,!and!the!superscript!“(j)”!is!introduced!to!indicate!the!specific!mode.!The! vector! function! Uc(s)( j ) (η,θ ) = [Uc(s)( j ) (η,θ ),  Vc(s)( j ) (η,θ ),  Wc(s)( j ) (η,θ )]T !is! the! approximation! of! the! actual!mode!shape.!From! equations! (25)W(27)! it! is! clear! that,! for! n=0,! i.e.! axisymmetric! modes,! the! companion! modes!
 Us
( j ) (η,θ ) !do!not!exist.!!
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1.2. The'shaker'model'The!modelling!of! the! shell! is!not!enough! to! reproduce!and!understand!experimental! results!of!Refs.![41],![50];!a!mathematical!model!of!the!exciting!source!(shaker)!is!needed!in!order!to!take!into!account!energy!exchange!with!the!shellWdisk!system.!In! Ref.! [50]! a! shaker! modelling! was! proposed! and! verified,! here! the! same! model! is! used! without!modifications;!for!such!reasons!just!the!main!equations!are!reported.!The!shaker!is!an!electrodynamic!machine!driven!by!a!controller,!which!furnishes!a!low!power!signal!to!be!reproduced!by!the!shaker!in!terms!of!vibration;!the!signal!is!initially!amplified!in!order!to!provide!a!suitable! electrical! tension! to! the! shaker,! the! amplifier! transformation! can! be! modelled! as! follows:!
 
E t( ) = Pamp bamp !E0 t( ) + E0 t( )( ) ,! where! E t( ) !is! the! voltage! output! of! the! shaker! amplifier,! E0 t( ) !is! the!control! signal! (in! the! following! called! also! “drive! signal”),!  Pamp !and!  bamp !are! coefficients! that!characterize!the!amplifier.!Given!an!excitation!to!the!shaker! E t( ) ,!the!equation!governing!the!electrical!circuit!is:!!
 
L !I t( ) +RI t( ) + kc !Ub = E t( ) ! (28)!!where! I !is! the! amplifier! output! current,! L !is! the! coil! inductance,! R !is! the! coil! resistance,! kc !is! the!currentWtoWforce!constant.!The!mechanical!part!of!the!shaker!is!a!simple!oneWdof!linear!damped!oscillator,!which!is!excited!by!the!electromagnetic!force! kcI t( ) !and!the!force! Fsystem t( ) !coming!from!the!specimen!to!be!tested!(here!the!shellWdisk!system);!the!equation!reads:!!
 
m0 !!Ub t( ) + cb !Ub t( ) + kbUb t( ) = kcI t( ) + Fsystem t( ) ! (29)!! where:! Ub !is!the!displacement!of!the!moving!element!of!the!shaker,! m0 !is!the!mass!of!the!moving!element! of! the! shaker,!  cb !is! the! viscous! damping! coefficient! that! takes! into! account! various!dissipations!of! the!shaker,! kb !is! the!stiffness!of! the!elastic! joints! that!support! the!moving!element!of!the!shaker,! Fsystem !is!the!force!exerted!by!the!shell!on!the!shaker;!see!Refs.![44W47,50,53]!for!a!detailed!analysis!of!such!problem.!!
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1.3. Nonlinear'modelling'and'shaker'interaction'The! starting! point! for! the! development! of! the! nonlinear! model! with! shaker! interaction,! is! the!knowledge!of!approximate!mode!shapes!obtained!in!the!previous!sections;!such!shapes!are!used!for!a!further!expansion!of!the!displacement!fields:!!!
 
uˆ x,θ ,t( ) = Uˆc( j ) x,θ( ) fu, j ,c(t)+Uˆs( j ) x,θ( ) fu, j ,s(t)( )
j=1
Nmax
∑ ! (30)!
 
vˆ x,θ ,t( ) = Vˆc( j ) x,θ( ) fv , j ,c(t)+ Vˆs( j ) x,θ( ) fv , j ,s(t)( )
j=1
Nmax
∑ ! (31)!
 
wˆ x,θ ,t( ) = Wˆc( j ) x,θ( ) fw, j ,c(t)+Wˆs( j ) x,θ( ) fw, j ,s(t)( )
j=1
Nmax
∑ ! (32)!!When!an!axisymmetric!mode!is!considered!in!the!expansions!(30)W(32),!the!terms!with!subscript!“s”!must!not!be!considered.!Such!expansions!are!then!substituted!in!the!full!expressions!of!the!kinetic!and!potential!energy!of!the!system.!In! the!expansions! (30)W(32)! there!are! three! time! functions!associated! to!each!mode,! this!apparently!leads!to!an!increment!of!the!dynamical!system!dimension;!on!the!other!end,!such!additional!degrees!of!freedom!have!been!proven!to!facilitate!the!convergence!of!the!series.!The!physical!reason!is!that!such!approach!allows!to!consider,!for!a!shell!mode!shape,!the!three!types!of!modes!associated!to!the!same!functions:! radially! dominant! (generally! the! lower! frequency! modes),! axially! dominant! and!circumferentially!dominant.!For!such!reason!the!increment!of!dimension!is!only!apparent.!The!potential!and!kinetic!energies!of!the!system!must!include!the!contribution!of!the!shell,!the!top!disk!and! the! mechanical! part! of! the! shaker;! the! electrical! part! of! the! shaker! will! be! considered! as! an!external!action!on!the!mechanical!system,!!it!is!included!separately.!The!mechanical!energies!of!the!shaker!are:!!
 
Ushaker =
1
2
kbUb
2 (t) , Tshaker =
1
2
m0 !Ub
2 (t) ! (33)!! the!kinetic!energy!of!the!top!disk!reads![50]:!!
 
Tdisk =
1
2
md !u (1,t)+ !Ub(t)( )2 ! (34)!!
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where!
 
!u 1,t( ) = 12π !u 1,θ ,t( )dθ0
2π
∫ !and! !Ub !is!added!to!the!kinetic!energy!of! the!top!disk! in!order!to!take!into!account!the!rigidWbody!motion!induced!by!the!base!vibration!of!the!shaker.!The!total!mechanical!energy!of!the!system!is:!!
 
E = TS +Tdisk +Tshaker
T
! "## $##
+US +Ushaker
U
! "# $#
! (35)!
!the!Lagrangian!coordinates!of!the!system!are!now!organized!in!a!vector:!!
 
z = fu,1,c , fu,1,s , fu,2,c ,..., fv ,1,c , fv ,1,s , fv ,2,c ,..., fw,1,c , fw,1,s , fw,2,c ,...⎡⎣
fw,Na ,s , fu,Na+1,c , fu,Na+2,c ,..., fv ,Na+1,c , fv ,Na+2,c ,..., fw,Na+1,c , fw,Na+2,c ,…, fw,Na+Nax ,c ,Ub
⎤
⎦
! (36)!
!In!the!first!part!of!the!vector!!we!put!Na!pairs!of!conjugate!modes,!followed!by!Nax!axisymmetric!modes!and!eventually!by!the!shaker!mechanical!coordinate!Ub,!for!a!total!of!N=Na+Nax+1!mechanical!dofs.!The!additional!first!order!electroWmechanical!differential!equation!(28)!will!add!a!further!½!dof.99The!governing!dynamical!system!is!now!obtained!by!using!Lagrangian!equations:!!
 
d
dt
∂L
∂ !zi
⎛
⎝⎜
⎞
⎠⎟
− ∂L
∂zi
= Zi =
∂W
∂zi
i = 1,2,…N ! (37)!
!where! L = T −U !and!W9!is!the!virtual!work!of!Lagrangian!external!forces,!in!particular:!!
 
∂W
∂zi
= Zi = −miζ iω i !zi ! (38)!
 
∂W
∂zN
= ZN = kc I(t)− cb !zN = kcI (t)− cb !Ub(t) !
(39)!
!
mi!are!the!modal!masses,! ζ i !are!modal!damping!ratios!and! ω i !are!modal!circular!frequencies.!Note!that!the!term! Fsystem t( ) !of!equation!(29)!is!automatically!included!in!the!kinetic!energy!of!the!top!disk!through!the!term!
 
!u 1,t( ) ,!it!will!affect!the!Nth9of!equations!(37).!Equation!(28)!with!the!system!(37)!constitutes!the!dynamical!system!to!be!analysed.!!
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3. Validation'The! validation! is! carried! out! by!means! of! comparisons!with! experimental! results! published! in! Ref.![50],!in!Table!1!and!Table!2!the!system!parameters!are!reported!(see!also!Ref.![53]).!A!deep!convergence!analysis!is!carried!out!in!order!to!select!modes!to!be!included!in!the!expansions!(30)W(32),! this! analysis! took! advantage! from! the! availability! of! experimental! results.! Details! of!convergence!tests!are!omitted!for!the!sake!of!brevity.!In!Table!3!modes!selected!for!the!expansion!are!reported:!m!is!the!number!of!longitudinal!half!waves,!n!is!the!number!of!nodal!diameters;!it!is!to!note!that! for! modes! (3,12)! and! (3,14)! only! the! circumferential! displacement! field! is! considered,! for!axisymmetric!modes!the!circumferential!displacement! field! is!not! included!and!the!conjugate!modes!do!not!exist.!!
kb9[N/m]! cb![N/msW1]! m0![kg]!  L 9[H]!  R ![Ω]! kc![N/A]! Pamp! bamp![sW1]!93000! 0.534! 14.2! 0.51!10W3! 1.06! 121.22! W115! 0.4!10W4!Table!1!Shaker!parameters!!
 
ρ kg
m3
⎡
⎣
⎢
⎤
⎦
⎥ ! ν ! E!
 
N
m2
⎡
⎣
⎢
⎤
⎦
⎥ ! md9[kg]! R![m]! L![m]! h![m]!  Rh !  LR !1366! 0.4!  46×108 ! 0.82!  43.88×10−3 !  96×10−3 !  0.25×10−3 ! 176! 2.19!Table!2!Shell!and!disk!parameters!!
Type9 ! Fields9 !
m9 n9 Frequency![Hz]! u9 v9 w9 conjugate!modes!1! 0! 320! x! ! x! !1! 7! 792.95! x! x! x! x!1! 6! 792.98! x! x! x! x!1! 12! 1760.28! x! x! x! x!3! 7! 2147.87! x! x! x! x!3! 12! 2171.41! ! x! ! x!1! 14! 2380.61! x! x! x! x!3! 6! 2473.91! x! x! x! x!3! 14! 2688.94! ! x! ! x!3! 0! 6643.68! x! ! x! !5! 0! 6714.78! x! ! x! !Table!3!Mode!selection.!“x”!means!selected.!!
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In!the!simulations!a!modal!damping!ratio!of!0.6%!is!set!for!each!shell!modal!equation;!moreover,!an!imperfection!of! 55%h! is! considered! for!mode! (1,6),! in! order! to! take! into! account! a! small! loosing!of!symmetry!in!the!actual!shell!shape.!Such!parameters!have!been!set!by!using!experimental!data.!Figure! 6! to! Figure! 8! show! comparisons! between! experiments! published! in! Ref.! [50]! and! the! new!model!presented!here,!where!the!presence!of!companion!modes!is!included.!!It! is! useful! to! summarize! the! experimental! results! of! Ref.! [50],! in! order! to! clarify! the! dynamical!phenomena!observed.!When!the!base!excitation!is!sinusoidal,!with!frequency!close!to!the!resonance!of!the!first!axisymmetric!mode!(320Hz,!see!Table!3),!a!violent!dynamic!phenomenon!was!observed.! Initially,!approaching! the!resonance,! the!main!vibration! concerns! the! resonant!mode,!which! is! axisymmetric! and! involves! the!rigid!vertical!motion!(no!rotation)!of!the!top!disk.!Then,!when!the!excitation!is!closer!to!the!resonance,!there! is! a! sudden! change! in! the! dynamic! response:! the! increment! of! base! and! top! disk! vibration! is!almost!locked;!the!lateral!vibration!increases!of!several!orders!of!magnitude,!reaching!thousands!g!of!acceleration;! there! is! an! energy! transfer! from! low! to! high! frequencies! due! to! the! activation! of! high!frequency!shellWlike!modes;! the! region!where! the!violent!phenomenon!appears!will!be!briefly! called!“instability!region”!in!the!following.!In!the!view!of!such!dynamics,!in!Ref.![50]!a!model!as!proposed!and!results!were!satisfactory.!However,!the!width!of!the!instability!region!was!quite!smaller!in!modelling!with!respect!to!the!experiments;!moreover,!the!nonstationarity!of!the!response!was!not!reproduced.!In!order! to! improve! the!model!of!Ref.! [50]! and!be!able! to!give!a!mathematical! interpretation!of! the!complex!dynamics!observed!experimentally,!the!expansion!is!greatly!enlarged!from!16!to!46!shell!dofs!(see!Table!3);!mode!(1,6)!is!added!as!its!frequency!is!close!to!that!of!mode!(1,7)!used!in!Ref.![50],!these!two!modes!are!accompanied!with!modes!having!multiples!of!longitudinal!and!circumferential!waves,!eventually!companion!modes!are!added!for!all!asymmetric!modes;!companion!modes!are!indicated!by!“c”!(example:!(1,6c)).!Figure!5(a,b)!shows!the!base!excitation!that!is!not!constant!as!the!frequency!varies,!this!is!due!to!the!interaction!between!the!shellWdisk!system!and!the!shaker;! the!shaker!control! is!open! loop,! i.e.!a!sine!excitation!signal!of!0.1V!of!amplitude!is!the!input!of!the!shaker!amplifier.!The!experimental!instability!region! is! (296W333Hz),! the! corresponding! region! obtained! numerically! is! (322W341Hz)! with! a!significant!increment!of!34%!with!respect!to!Ref.![50],!this!is!mainly!due!to!the!richer!expansion.!Figure! 6(a,b)! and! Figure! 7(a,b)! show! that! the! lateral! shell! vibration! is! reproduced!with! fairly! good!accuracy! both! in! terms! of! maximum! (inward)! and! minimum! (outward)! amplitudes,! showing! the!typical!asymmetry!in!the!nonlinear!shell!vibration.!The!saturation!phenomenon!of!the!top!disk!vibration!is!reproduced!satisfactorily,!see!Figure!8.!The! new! model! furnishes! information! also! in! terms! of! qualitative! behaviour! of! the! system,! the!experiments!of!Ref.![50]!have!shown!that,!in!the!instability!region!an!irregular!(non!periodic)!response!takes!place,! the!old!model! [50]!reproduced!with!acceptable!accuracy! the!amplitude!of!vibration,!but!the! response!was! regular! (periodic).! In! Figure! 9! the! time!histories! of! the! lateral! shell! vibration! are!
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represented,! experimental! results! and! the! new! model! simulations! are! compared.! The! excitation!frequency! is! selected! in!order! to! check! the! response!where! the!amplitude!of! vibration! is!maximum,!this!happen!at!about!298!Hz! for!experiments!and!325!Hz! for! the!simulation.!From!such!comparison!one!can!verify! that! the!new!model!obtains!a!nonWsteady!response,! similarly! to! the!experiments.!The!improved!performance!of!the!new!model!must!be!ascribed!to!the!presence!of!the!two!different!modes!(1,6)! and! (1,7)! and! their! conjugates! (1,6c)! and! (1,7c);! the! interaction!among!modes!with!very! close!frequency!causes!a!continuous!exchange!of!energy!between!such!modes!and!eventually!the!nonWsteady!character!of!the!response.!Just!few!additional!comments!conclude!this!section;!the!importance!of!using!a!rich!modal!expansion!is!clarified! in!Figure!10,!where! the! same!excitation!of!Figure!9b! is!used! in! conjunction!with! the!16dof!model! of!Ref.! [50];! it! is! clear! that,! removing! the! companion!modes! and! their!multiples! (in! terms!of!longitudinal!and!circumferential!waves),!the!response!predicted!by!the!model!becomes!regular,!i.e.!the!nonstationarity!if!completely!lost.!This!confirms!the!need!of!the!present!46dof!model.!!!
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 Figure!5!Base!vibration,!maximum!acceleration:!a)!experiments,!b)!simulation.!Excitation!level!0.1V!!
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 Figure!7!Shell!lateral!vibration,!minimum!displacement,!negative!outward:!a)!experiments,!b)!simulation.!Excitation!level!0.1V!!
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 Figure!8!Top!disk!vibration,!maximum!acceleration:!a)!experiments,!b)!simulation.!Excitation!level!0.1V!!
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!Figure!10!Shell!displacement,!time!history.!16!dof!model!of!Ref.![50].!!
4. Modal'properties'of'the'response'In!order! to!clarify! the!role!of!different!modes!used! in! the!nonlinear!expansion!and! furnish!a!deeper!insight! in! the! system! dynamics,! two! different! simulations! are! compared! and! the! responses! of! the!various! modes! are! analysed.! For! both! simulations! the! full! model! is! considered;! the! first! analysis,!Figure! 11a,! is! carried! out! by! continually! changing! the! excitation! frequency! from! 350! to! 310! Hz!(stepped!sine!approach),!when!the!frequency!is!changed!the!new!simulation!uses!the!final!state!of!the!system!as! initial! condition;! the! second!analysis,! Figure!11b,! ! is! carried!out! similarly! to! the! first,! but!when!the!frequency!is!changed!a!perturbed!final!state!is!used!as!initial!condition,!in!order!to!keep!all!modes!active.!From!Figure!11a!it! is!evident!that!only!mode!(1,6)!and!its!companion!(1,6c)! is!excited!together!with!multiples;!conversely!the!small!perturbation!of!the!final!state!leads!to!the!activation!of!mode! (1,7)! ant! its! companion! and! multiples.! The! overall! behaviour! is! not! changed! in! terms! of!amplitude.!In!Figure!12!time!histories!and!spectra!of!mode!(1,0)!are!compared!for!the!aforementioned!cases,!the!difference! is! marginal,! i.e.! the! activation! of! mode! (1,7)! does! not! significantly! influence! the!axisymmetric!mode! (1,0),!which! is! the!energy!conveyor! from!the!original!energy!source! (shaker)! to!the! asymmetric! shell! modes.! Time! histories! are! strongly! non! symmetric! with! predominance! of!negative! amplitude;! here! the!meaning!of! negative!modal! amplitude! is! inward!vibration.! Spectra! are!continuous!with!evidence!of!peaks!at! the!excitation! frequency!and! its!multiples,!when!mode!(1,7)! is!inactive!the!peak!at!325Hz!(excitation)!is!smaller!than!others.!In!Figure!13!time!histories!and!spectra!of!modes!(1,6)!and!(1,6c)!are!shown,!in!this!case!the!activation!of!mode!(1,7)!changes!both!time!and!frequency!behaviours.!When!mode!(1,7)!is!active!one!observes!a!strongly!nonstationary!dynamics!with!intermittence,!Figure!13b,!for!long!time!intervals!the!response!of! modes! (1,6)! and! (1,6c)! drops! down,! elsewhere! is! quite! big.! Such! amplitude! reduction! does! not!correspond! to! a! reduction! of! the! overall! vibration;! therefore,! one! can! suspects! somehow! a! further!
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energy!transfer;!this!is!confirmed!by!the!analysis!of!the!time!history!of!modes!(1,7)!and!(1,7c),!Figure!14,!where!time!histories!and!spectra!of!modes!(1,6)!and!(1,7)!are!compared.!!The! activation! of! mode! (1,7)! causes! the! reduction/disappearance! of! peaks! in! the! spectrum!corresponding!to!the!excitation!frequency!and!its!multiples.!!a)!
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!! Figure!11!Modal!amplitudes,!excitation!voltage!0.1V.!a)!mode!(1,7)!inactive,!b)!mode!(1,7)!active.!!a)!
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!!Figure!12!Modal!time!history!and!spectrum!of!mode!(1,0),!numerical!analysis,!excitation!voltage!0.1V!frequency!325Hz.!a)!mode!(1,7)!inactive,!b)!mode!(1,7)!active!!
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!!Figure!13!Modal! time!history!and! spectrum!of!modes! (1,6),! (1,6c);!numerical! analysis,! excitation!voltage!0.1V!frequency!325Hz.!!a,c)!mode!(1,7)!inactive,!b,d)!mode!(1,7)!active.!!!!!!!!!!!!
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!!Figure!14!Modal! time!history!and! spectrum!of!modes! (1,6),! (1,6c),! (1,7),! (1,7c);!numerical! analysis,! excitation!voltage!0.1V!frequency!325Hz.!
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5. Effect'of'excitation'level'The!amount!of!energy!pushed!in!a!dynamical!system!plays!an!important!role!in!the!onset!of!complex!dynamics.!Generally,!modal!energy!exchange!takes!place!when!a!certain!threshold!is!passed;!this!issue!was! partially! analysed! in! Ref.! [50],! the! instability! region! was! obtained! in! the! plane! (frequency,!excitation! level),! a! good! match! between! theory! and! experiments! was! found.! Here! the! analysis! is!completed,! four! excitation! levels! are! analysed! and! results! are! reported! in! Figure! 15! in! terms! of!amplitudes! of! vibration.! For! low! excitation! levels! 0.01W0.05V! the! response! is! almost! linear! and! the!lateral! shell! vibration! is! negligible;! between! 0.05! and! 0.1V! the! threshold! is! present,! the! saturation!phenomenon!with! strong!modal!energy!exchange! takes!place!and!maintains! its! character! for!higher!energies.!The!onset!of! instability!seems!to!be!correlated!with!the!top!disk!vibration! level,!see!Figure!15d.!There! is!a! further! saturation!phenomenon! in! terms!of!excitation! level,! i.e.! the!minimum! lateral!vibration!(outward!displacement)!does!not!increase!with!the!excitation,!see!Figure!15c.!
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Now!the!most!interesting!regimes!are!analysed!(time!history!and!spectrum),!such!regimes!are!selected!as! follows:! for!each!drive! level! (voltage)! the! frequency!of!excitation!corresponding! to! the!maximum!amplitude!of!vibration!of!the!shell!is!considered.!At!the!lowest!excitation!level,!0.01V,!the!time!history!is! almost!harmonic,!Figure!16a,! this! is! confirmed!by!a!very! clean! spectrum!characterized!by!a!main!spike!at!the!excitation!frequency,!Figure!16b,!and!minor!spikes!at!the!second!and!third!harmonics.!It!is!to!note!that,!despite! the! low!amplitude!of!vibration,! the!nonlinear!effect! is!not!negligible!and!causes!the! loosing! of! symmetry! of! the! time! response.! Increasing! five! times! the! excitation,! 0.05V,! the!amplitude! of! the! response! increases! almost! linearly;! the! character! of! the! dynamics! changes,!superharmonics!of!order!two!are!evident!in!the!time!response,!Figure!17a;!the!spectrum!is!still!very!clean!with!equispaced!peaks,! i.e.! the! response! is!perfectly!periodic;! the! second!and! third!harmonics!have!an!energy!comparable!with!the!fundamental!harmonic.!A!further!increment!of!the!excitation,!0.1V,!leads!to!the!nonstationary!dynamics!analysed!in!sections!3!and! 4.! The! excitation! of! 0.2V! and! 320Hz! gives! rise! to! a! behaviour! similar! to! the! case! 0.1V,! i.e.! the!dynamics!are!nonstationary;! the!spectrum!is!completely!polluted,!no!specific!harmonics!are!evident,!this!is!probably!fully!developed!chaos.!!
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 Figure!16!Lateral!shell!vibration,!case!0.01V,!333Hz:!a)!time!history,!b)!spectrum.!!
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 Figure!17!Lateral!shell!vibration,!case!0.05V,!333Hz.!a)!time!history,!b)!spectrum.!!
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Figure!18!Lateral!shell!vibration!case!0.2V,!320Hz.!a)!time!history,!b)!spectrum.!!
! 31!
6. Analysis'of'nonstationary'regimes'The!analysis!carried!out! in!the!previous!sections!has!shown!that,! in!the! instability!region,!a!complex!dynamic! phenomenon! takes! place;! this! is! in! agreement! with! experimental! results! of! Ref.! [50].!However,! the!analysis!of! amplitudeWfrequency! curves,! time!histories! and! spectra,!do!not! explain! the!type!of!instability!and!the!reasons!of!the!appearance!of!such!complexity.!In!this!section!two!further!analyses!are!carried!out!in!order!to!clarify!the!nature!of!the!complexity:!a)!bifurcation! diagrams! of! Poincaré! maps,! b)! numerical! continuation! of! stable! and! unstable! periodic!orbits.!!
6.1. Poincaré'maps'and'bifurcation'diagrams'In!order!to!build–up!Poincaré!maps,!simulations!are!carried!out!similarly!to!the!previous!sections,!the!difference! is! that! now! the! sampling! frequency! coincides! with! the! excitation! frequency.! Therefore,!when!the!response!is!1T!periodic,!if!the!transient!is!expired,!one!expects!a!single!point!in!the!Poincaré!map.!Figure! 19! represents! the! bifurcation! diagram! projected! on! the! radial! coordinate!
 
w η = 13 ,θ = 0,t = k 2πω drive( ), k = 1,2,... .! This! representation! is! used! in! order! to! simulate! an! actual!measurement!on!the!shell!surface.!The!simulation!is!carried!out!by!changing!the!excitation!frequency!from!360!to!290Hz,!with!0.1V!drive!amplitude.!The!diagram!shows!that,! in! the! instability!region!the!response!is!chaotic;!the!instability!appears!suddenly!at!about!340Hz!and!disappears!at!about!323!Hz.!There!is!a!small!region!at!about!330Hz!where!the!cloud!of!points!becomes!narrow,!this!corresponds!to!the!region!where!the!amplitude!drops!down,!see!Figure!6.!Figure! 20! shows! the! bifurcation! diagram! in! terms! of! base! vibration! and! first! axisymmetric! modal!coordinate.! First! of! all,! one! can! see! that! the! shaker! body! (moving! part)! is! affected! by! the! chaotic!motion!as!well;!moreover,!there!is!a!strict!correlation!between!the!first!axisymmetric!mode!vibration!and!the!base!motion;!this!proves!that!the!interaction!is!caused!by!the!inertial!force!of!the!top!disk.!!The! full!modal! scenario! of! the! bifurcation! diagram! is! shown! in! Figure! 21,!where! it! is! clear! that! all!modes! participate! to! the! complex! dynamics.! There! is! a! small! frequency! range! close! to! 330Hz!characterized!by!a!periodic!behaviour!of!mode!(3,0)!and!a!chaotic!dynamics!of!the!other!modes.!It!is!useful!to!discuss!in!detail!the!behaviour!of!conjugate!modes!(1,7),!this!is!done!by!plotting!the!3D!bifurcation!diagram!representing!the!sequence!of!Poincaré!maps!projected!on!the!plane!(1,7),!(1,7)c,!see!Figure!22.!One!can!see!that,!from!340!to!323Hz!the!conjugate!mode!(1,7)c!is!not!excited;!moreover,!close! to! 330Hz! modes! (1,7)! and! (1,7)c! have! a! chaotic! motion! modulated! by! a! 2T! subharmonic!response!(unfortunately!this!is!not!clearly!visible!from!the!picture).!
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!Figure!19!Bifurcation!diagram.!Radial!amplitude!at!one!third!of!the!shell!length.!Excitation!amplitude!0.1V.!a)!
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!Figure!20!Bifurcation!diagram.!a)!base!displacement,!b)!first!axisymmetric!mode!!
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!Figure!21!Bifurcation!diagram.!Modal!coordinates.!!
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!Figure!22!Bifurcation!diagram,!3D!plot.!Conjugate!modes!participation!
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6.2. 'Continuation'of'periodic'solutions'Here! the! periodic! solutions! of! the! dynamical! system! are! followed! using! a! path! following! numerical!method,!implemented!in!the!software!AUTO![54].!This!analysis!is!generally!helpful!also!in!the!regions!where! nonWstationary! dynamics! take! place;! indeed,! one! can! follow! stable! and! unstable! solutions! as!well!as!bifurcation!points!and!period!doublings;!quasiperiodic!responses!cannot!be!followed,!but!they!can!be!detected.!The!onset!of!quasiperiodic!or! chaotic!motions! is!often!due! to! the!absence!of! stable!periodic!orbits!in!some!regions!of!the!parameter!space;!however,!the!periodic!orbit!can!be!generally!continued!over!the!whole!parameter!space.!The!interesting!finding!here!is!that,!in!the!instability!region,!periodic!(stable!or!unstable)!orbits!are!not!present.!In!Figure!23!periodic!orbits!are!represented,!outside!the!instability!region!the!periodic!orbits!are!stable;!then,!for!a!very!narrow!frequency!range,!there!is!a!losing!and!regain!of!stability,!followed!by!a!tangle!of!unstable!orbits! in!the!ranges!322W328Hz!and!338W339Hz.! In!the!region!328W338Hz!it!was!impossible!to!follow!periodic!orbits,!as!the!path!becomes!wrapped.!Figure!23c,d!clarify!the!situation,!tangles!of!unstable!orbits!wrap!in!a!narrower!and!narrower!frequency!range,!with!quick!oscillations!that!lead!to!huge!unstable!amplitudes.!From!this!analysis!one!can!argue!that!the!onset!of!the!instability!region!has!a!simple!explanation:!for!specific!values!of!the!parameters!(excitation!voltage!and!frequency)!periodic!orbits!do!not!exist.!Such!orbits! are! probably! destroyed! by:! the! strong! modal! interactions! of! modes! (1,6)! and! (1,7);! the!interaction!with! the! electroWmechanic! shaker,!which!pumps!energy! into! the! shell.! Indeed,! it! is! to!be!stressed! that,! reducing! the! modal! expansion! and/or! neglecting! the! shaker! equations! leads! to! a!dynamical!system!that!looses!completely!the!complex!dynamics.!
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 Figure!23!Continuation!of!periodic!orbits:!‘⎯’!stable,!‘⎯’!unstable,.!
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Conclusions'In!this!paper!an!accurate!analysis!of!the!dynamic!behaviour!of!a!shell!connected!with!a!rigid!body!and!excited!from!the!base!is!carried!out.!The!paper!follows!and!improves!the!model!developed!in!Ref.![50]!and!explains!the!complex!dynamic!phenomena!observed!experimentally.!The!key!points!of!the!model!are!the!use!of!an!accurate!shell!theory!and!the!coupling!with!the!excitation!source.! In! order! to! reproduce! with! fairly! good! accuracy! the! experimental! results,! a! rich! modal!expansion!has!been!used.!Indeed,!the!presence!of!conjugate!modes!and!the!high!modal!density!of!the!shell!gives!rise!to!multiple!internal!resonances!and!energy!transfer!between!modes.!It! is! found! that,! in! the! instability! region!where! the! complex!dynamics! take!place,! no!periodic!orbits!(stable!or!unstable)!exist.!It! is! worthwhile! to! stress! that! the! complex! dynamics,! the! saturation! phenomenon! and! the! modal!energy! transfer,! evidenced! in! the! experiments! and! reproduced! with! the! present! model,! cannot! be!modelled!without! the! shakerWshell! interaction,!which! consists! of! the! coupling! of! a! nonlinear! system!(the!shell)!with!the!two!linear!equations!of!the!electroWmechanical!machine.!!
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